In this paper, a new type of colouring called J-colouring is introduced. This colouring concept is motivated by the newly introduced invariant called the rainbow neighbourhood number of a graph. The study ponders on maximal colouring opposed to minimum colouring. An upperbound for a connected graph is presented and a number of explicit results are presented for cycles, complete graphs, wheel graphs and for a complete l-partite graph.
Introduction
For all terms and definitions, not defined specifically in this paper, we refer to [1, 3, 11] and for the terminology of graph colouring, see [2, 4, 5] . Unless mentioned otherwise, all graphs considered in this paper are simple, finite, connected and non-trivial.
A graph colouring is an assignment of colours, labels or weights to the elements of a graph under consideration. Unless stated specifically otherwise, graph colouring is considered to be an assignment of colours to the vertices of a graph subject to certain conditions. In a proper colouring of a graph, its vertices are coloured in such a way that no two adjacent vertices in that graph have the same colour.
More specifically, a colouring of a graph can be defined as a function c : V (G) → C = {c 1 , c 2 , . . . , c r }, a set of colours. Note that every proper colouring c of a graph G is a surjective map. Several significant researches have been done on graph colouring problems after its introduction in the nineteenth century. Several types of graph colourings and related parameters have been introduced and studied in detail. The most popular and important parameter among them is the chromatic number of graphs which is the minimum number of colours required in a proper colouring of the given graph. The concept of chromatic number has been extended to almost all types of graph colourings. Many practical and real life scenarios have been instrumental in the development of different types of graph colouring problems.
In this paper, we introduce and study certain properties of a particular type of graph colouring, namely Johan colouring and related parameters.
J-Colouring of a Graph
The notion of a rainbow neighbourhood of a graph G with a chromatic colouring C has been defined in [7] as the closed neighbourhood N [v] of a vertex v ∈ V (G) which contains at least one coloured vertex of each colour in the chromatic colouring C of G. Motivated by this study, a new graph colouring, namely Johan colouring 1 is introduced as follows. Definition 2.1. A proper k-colouring C of a graph G is called the Johan colouring or the J-colouring of G if C is the maximal colouring such that every vertex of G belongs to a rainbow neighbourhood of G. A graph G is J-colourable if it admits a J-colouring.
The J-colouring of a graph is illustrated in Figure 1 . Definition 2.3. The J-colouring number of a graph G, denoted by J(G), is the maximum number of colours in a J-colouring of G. Similarly, the J * -colouring number of a graph G, denoted by J * (G), is the maximum number of colours in a J * -colouring of G.
The following result provides an upper bound for the J-colouring number of a graph G.
Proof. Let c be the colouring function defined on G which defines a J-colouring C on G. Then, all vertices of G is included in a rainbow neighbourhood of G and hence c(N [v]) = C for all v ∈ V (G). Figure 1 is an example for a graph which admits a J-coloring such that J(G) = δ(G) + 1, the first graph in Figure 2 is a graph which admits a J-coloring such that J(G) < δ(G) + 1 and the second graph in Figure 2 illustrates a graph with
Proposition 2.5. For a graph G admitting a J-colouring as well as a J * -colouring,
Proof. If G is a graph without pendant vertices, then
If G is a star graph K 1,n−1 , then 2 ≤ J * (G) ≤ n. Otherwise, let G the connected subgraph of G obtained by removing the pendant vertices of G. Since,
The J-colouring number of certain basic graph classes are determined in the following results. Proposition 2.6. Let P n denotes a path on n vertices. Then, J(P n ) = 2 and J * (P n ) = 3.
Proof. Since any proper colouring of a path P n consists of 2 colours, we have J(P n ) ≥ 2. Also, since P n has two pendant vertices, δ(P n ) = 1. Then, by Proposition 2.4, we have J(P n ) ≤ 2. Therefore, J(P n ) = 2. Since all internal vertices of P n have degree 2, by Proposition 2.5, we have J * (P n ) ≤ 3. Now, assign colour c 1 to the vertices v i of P n if i ≡ 1(mod 3), assign colour c 2 to the vertices v i of P n if i ≡ 2(mod 3) and assign colour c 3 to the vertices v i of P n if i ≡ 0(mod 3). Clearly, every internal vertex will be adjacent to one vertex of colour c 1 and one vertex of c 2 . Then, this colouring is a J * -colouring of P n . Therefore, J * (P n ) = 3.
Theorem 2.7. A cycle C n is J-colourable if and only if n ≡ 0 (mod 2) or n ≡ 0 (mod 3).
Proof. Let C n be a cycle on n vertices. Since d(v) = 2 for all v ∈ V (C n ), by Proposition 2.4, we have J(C n ) ≤ 3. Then, we consider the following cases.
Case-1a: First assume that n ≡ 0 (mod 3). Then, assign colour c 1 to the vertices v i of C n , where i ≡ 1(mod 3), assign colour c 2 to the vertices v i of C n , when i ≡ 2(mod 3) and assign colour c 3 to the vertices v i of C n if i ≡ 0(mod 3) (see first graph in Figure 3 ). Clearly, this colouring is a J-colouring of the cycle C n .
Case-1b: Next, assume that n ≡ 0 (mod 2) and n ≡ 0 (mod 3). It is to be noted that no 3-colouring exists such that every vertex of C n is in a rainbow neighbourhood. Then, the colouring in which the vertices are coloured alternately by c 1 and c 2 will itself be the J-colouring of C n (see the second graph in Figure 3 ). Now, assume that n ≡ 0 (mod 2) as well as n ≡ 0 (mod 3). Since n ≡ 0 (mod 2), C n is an odd cycle and hence any proper colouring of C n consists of at least 3 colours. By the assumptions, we have n ≡ ±1 (mod 6). Then, Case-2a: Let n ≡ 1 (mod 6). It is also equivalent to say that n ≡ 1 (mod 3). Then, for a positive integer k, the cycle C n has 3k + 1 vertices. Now, for all i ≡ 1 (mod 3 colour c 3 ) . Hence, the vertex v 1 is not in a rainbow neighbourhood, since it is adjacent to two vertices having the colour c 2 and not adjacent to any vertex having colour c 3 . Therefore, C n has no J-colouring in this context. Case-2b: Let n ≡ −1 (mod 6). It is also equivalent to say that n ≡ 5 (mod 6) or n ≡ 2 (mod 3). Then, for a positive integer k, the cycle C n has 3k + 2 vertices. As mentioned above, for all i ≡ 1 (mod 3), colour the vertices v i , v i+1 , v i+2 respectively by c 1 , c 2 and c 3 . But, the vertex v n , irrespective of the possible colours it can take, is adjacent to vertices v 1 and v n−1 having the colour c 1 and is not adjacent to a vertex of colour c 3 . Therefore, in this case also, C n has no J-colouring. Therefore, the cycle C n does not have a J-colouring, unless either n ≡ 0 (mod 2) or n ≡ 0 (mod 3). This completes the proof.
The two graphs in Figure 3 illustrate the graphs mentioned respectively in Case-1a and Case-1b of the above theorem.
Figure 3
In view of the above theorem, we have the following result on the J-colouring number of cycles.
Corollary 2.8. Let C n be a cycle which admits a J-colouring. Then, J(C n ) = 3 if n ≡ 0 (mod 3) 2 if n ≡ 0 (mod 2)and n ≡ 0 (mod 3).
Next, we note that any proper colouring of a complete graph K n is also a J-colouring of K n and hence we have the following result straight forward. Proposition 2.9. For a complete graph K n , we have J(K n ) = n.
In view of Theorem 2.7, it can be noted that any J-colouring of a complete bipartite can have exactly 2 colours. That is, J(K m.n ) = 2. More generally, we have: Proposition 2.10. For a complete l-partite graph K n 1 ,n 2 ,...,n l , we have the Jcolouring number J(K n 1 ,n 2 ,...,n l ) = l.
A wheel graph W n+1 is a graph obtained by connecting all vertices of a cycle C n to an external vertex, called central vertex of W n+1 . That is, W n+1 = K 1 + C n . The J-colouring number of W n+1 is determined in the following theorem.
Theorem 2.11. Let W n+1 = K 1 + C n be a wheel graph which admits a J-colouring. Then,
3 if n ≡ 0 (mod 2)and n ≡ 0 (mod 3).
Proof. Since the central vertex of K 1 is adjacent to every vertex of C n , it must have a colour different from the colours of the vertices of C n . This condition holds for all proper colourings in W n+1 . Therefore, J(W n+1 ) = 1 + J(C n ), provided C n admits a J-colouring. Hence, the result follows immediately.
Certain J-Colouring parameters of Graphs
Note that any vertex colouring of a graph G can be considered as a random experiment. Let C = {c 1 , c 2 , c 3 , . . . , c k } be a proper k-colouring of G and let X be the random variable (r.v ) which denotes the number of vertices in G having a particular colour. Since the sum of all weights of colours of G is the order of G, the real valued function f (i) defined by
is the probability mass function (p.m.f ) of the r.v X. If the context is clear, we can say that f (i) is the p.m.f of the graph G with respect to the given colouring C. Some studies in this direction can be seen in [6, 8, 9, 10] . In view of this terminology, we can define the mean and variance of a graph corresponding to a J-colouring, if exists, of a graph G as follows:
It is to be noted that like any other proper colouring, J-colouring also assigns distinct colours to distinct vertices of a complete graph K n and hence the p.m.f of K n will be of the form f (i) = 1 n ; if i = 1, 2, . . . , n; 0; otherwise. Hence, we have . Now, we discuss the J-coloring parameters of paths P n .
Proposition 3.3. Let P n be a path on n vertices. If n is even, then µ J (P n ) = .
Case-2 : Let n be odd. Then, the corresponding p.m.f of the path P n is given by
; if i = 1;
n−1 2n
; if i = 2; 0;
elsewhere.
and σ
4n 2 . Now, we investigate the J-coloring parameters of cycles C n . . By Corollary 2.8, if n ≡ 0 (mod 2) and n ≡ 0 (mod 3), then we need two colours in any J-colouring of C n . Therefore, the corresponding p.m.f is given by .
In a similar way, we can determine the J-colouring parameters of the wheel graph as follows. Proof. Note that any J-colouring of W n+1 has 4 colours if n ≡ 0(mod 3) and 3 colours if n ≡ 0(mod 2), n ≡ 0(mod 3). Case-1 : If n ≡ 0(mod 3), then, as mentioned in the previous theorem, we get the corresponding p.m.f as
; if i = 1, 2, 3; 
Conclusion
In this paper, a new type of graph colouring has been introduced and discussed certain graphs which admit this type of graph colouring. Several graph classes can be examined for the admissibility of J-colouring and for determining the J-colouring number of the graph. The J colouring number for graph joins, product graphs and power graphs can also be studied. Different types of J-colourings such as injective J colouring, equitable graph colouring etc. can also be defined and study the characteristics graphs which admit these types of graph colourings. All these highlight a wide scope for further research.
